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CHAPTER I

INTRODUCTION

Recently there has been considerable interest in exploring the
planet Jupiter (1-5). To do this successfully, it will be necessary
to send a space probe into Jupiter's atmosphere, where one must be
able to predict the heat transfer to the probe. This requires a
knowledge of the composition of the Jovian atmosphere and of the
thermodynamic conditions in the shock and boundary layers surround-
ing the probe.

The Jovian atmosphere is thought to consist mainly of a mixture
of hydrogen (HZ) and helium (He),. but the exact ratio is not known
(6-8).

To help provide additional working knowledge for the development
of Jovian atmospheric probes, the thermodynamic properties of a hydrogen-
helium plasma for conditions comparable to those that would exist in
the shock layer of a probe entering the Jovian atmosphere have been
calculated and tabulated. The plasma properties are listed for temp-
eratures ranging from 10,000° to 100,000°K and for densities from 10_10
to 10 gram/cm3. The tables are arranged according to the mass fraction
of hydrogen. FTFor these thermodynamic conditions, the hydrogen mole-
cule is unimportant; consequently, the possible species in the plasma
are hydrogen and helium atoms, singly and doubly ionized helium, and
electrons and protons.

The plasma properties, tabulated versus temperature for a specific

density and hydrogen mass fraction, include the: 1) electronic partition




functions of atomic hydrogen, atomic helium, and singly ionized helium;
2) Debye radius; 3) average molecular weight; 4) reduction in the ion-
ization potential; 5) number of electronic states of hydrogen, helium,
and singly ionized helium; 6) compressibility factor; 7) plasma
pressure; 8) Debye theory pressure correction; 9) energy; 10) enthalpy;
11) entropy; 12) specific heat at constant volume; 13) specific heat

at constant pressure; 14) equilibrium speed of sound; 15) number density
of each of the species present; and 16) total number density of the
plasma. The tabulation can be used for getting rough values, for noting
the trends of properties, or for making detailed calculations over a
small temperature range.

Several calculations of the thermodynamic properties of hydrogen
plasma are available in the literature. Rosenbaum and Levitt (9)
derived expressions for the composition, specific volume, enthalpy,
and entropy of hydrogen plasmas. They tabulated these quantities for
temperatures from 300° to 100,000°K and for pressures from 10—-5 to
102 atmospheres. They developed an approximation to the electronic
partition function of the hydrogen atom, that caused the termination
of the sum over electronic quantum levels to be a function of pressure
and temperature. This enabled them to take care of the reduction in
the ionizational potential.

Kubin and Presley (10) calculated the thermodynamic properties of
hydrogen plasmas over a temperature range from 300° to 20,000°K for
pressures ranging from 10—4 to 10+3 atmospheres. They tabulated
the internal energy, enthalpy, entropy, specific heats, dissociation
and ionization equilibrium constants, composition, density, compres—

sibility, and speed of sound. The lLydrogen atoms were assumed to

2




have six electronic states. They neglected the reduction in the
ionizational potential and arbitrarily cut off the electronic partition
function at six terms. This assumption drastically curtails extension
of their work at higher temperatures and pressures.

Recently, Patch (11) calculated the equilibrium composition of
a hydrogen plasma for pressures ranging from one to 1000 atmospheres
at temperatures of 400° to 40,000°K. The possible species that he
considered were H, p, and e, as well as HZ’ H , H2+, and H3+. His
results indicate that for temperatures greater than 10,000°K (such
as would occur in the shock layer of a vehicle entering Jupiter's
atmosphere) the most important species in a hydrogen plasma are the

hydrogen atoms, electrons, and protons.

Lick and Emmons (12) calculated the thermodynamic properties of
helium plasmas at temperatures up to 50,000°K and for pressures from
10—4 to 10:'-3 atmospheres. They considered a plasma composed of neutral
helium atoms, singly and doubly ionized helium atoms, and electrons.
Their tabulation includes density, internal energy, enthalpy, entropy,
specific heats, speed of sound, composition, and compressibility.

They investigated several models for the reduction of the ionization
potential, finally using the Unsold nearest neighbor model, which
relates the reduction in the ionization potential directly to the
electron density.

In the present study, the thermodynamic properties of a hydrogen-

helium plasma have been calculated. The computations for the two

limiting cases (pure hydrogen and pure helium plasmas) agree well with



previous determinations; however, a more rigorous calculation of the
electronic partition function has been employed herein than in much

of the previous work. Griem's model has been used for the reduction
of the ionization potential. It gives a uniform method for cutting

off the electronic partition functions.

The equations defining the plasma composition are developed and
solved in Section II. The partition functions, which must be known
to calculate the composition, are defined in Section III, and the
thermodynamic properties are defined in Section IV. Section IV also
contains an explanation for the tables.

The computer program, which was used to calculate the values in

the tables, is appended as Appendix B. It may be used to calculate

intermediate values to those listed in the tables and to make detailed

calculations.
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CHAPTER 1I

COMPOSITION

At high temperatures, a gas is a mixture of different atoms,
ions, and electrons. To calculate the thermodynamic properties of
such a mixture, one must first define its composition. To determine
the thermodynamic properties of a plasma, it is necessary to evaluate
the properties of its components.

Because molecular hydrogen is completely dissociated at the
temperature and densities of interest, the only ionization process
involving hydrogen is

X+H—>p++e‘+x (2.1a)

For helijum, two ionization processes are possible,
X+ He -~ He +e +X (2.1b)

and

X+ He' > He '+ e + X (2.1¢)
where X represents any particle, and ionization can occur from any
electronic level.

The mass fraction of atomic hydrogen, which equals the mass fraction

of molecular hydrogen, is defined by

m, N!
H "H
f = —— 2.2
o (2.2)
where
= ) t
e} my Np o+ m NHe (2.3)

and where p is the plasma density, My the mass of a hydrogen atom, and
mHe the mass of a helium atom. Because p and f are known, Eqs. (2.2)

and (2.3) define the constants Né and Nﬁe.

5



Let o be the fraction of the hydrogen nuclei that are free, that
is, exist as protons. Then, the proton number density is NP =0 Nﬁ.
The number density of free electrons originating from hydrogen is given
by Ne = Q Né, because the negative hydrogen ion is unimportant at the
temperatures of interest (11, 13). The atomic hydrogen number density
is NH = (1-a) Nﬁ.

Let B be the fraction of atomic helium that is singly ionized; thus,

the singly ionized helium number density is N t=08 Nﬁe' The electron

He
number density due to this process is Ne = f Nﬁe’ while the number density
of the remaining atomic helium is Ne = (1-B8) Nﬁe.

Let Y be the fraction of singly ionized helium that is doubly
jonized, then the number density of doubly ionized helium is NHe++ =
B vy Nﬁe' The number density of electrons formed by this process is
Ne =By Nﬁe’ while the number density of the remaining singly ionized
helium is NHe+ = B(1~Y) Nﬁe'

In summary, the final number densities are related to the initial

number densities as follows:

N, = o N+ BOLHY) Ni (2.4a)
N, = o N (2.4b)
Ny = (1-o) NG (2.4¢)
Ny = (1-8) Nj, (2.4d)
Nyop = B(1-Y) Nye (2.4e)
Nyors = B Y N, (2.4f)

The condition of macroscopic neutrality, which is given by

Ny = NNy, + 2Ny, (2.5)

is satisfied identically.



The electron pressure is

Pe = [a Nﬁ + B(1L + v) Nﬁe] kT (2.6)

where Eq. (2.4a) was used for Ne’ k is Boltzmann's constant, and T

is the gas temperature.

The equilibrium relations between the atoms and jons are given by

Q_Q
B(1-Y) - _e "Het = .
——1—1_8 P, " KT A, (T,p) (2.7)
Q. Q
Y _ _e “Hett+ =
T e T, kT Ag (T,D) (2.8)
_.a—_._P = ..Q_e_QE kT = A, (T,p) 2
1-a’e  Q T B9 1P 29

where the Q's are the partition functions; they are discussed in TII.

The system of Eqs. (2.6), (2.7), (2.8), and (2.9) represent four
unknowns, Pe’ o, B, and Y, which can be found as functions of temperature,
density, and mass fraction ratio. The methods used to solve the system
of equations are given in Appendix A.

In addition to the composition, it is necessary to know the rate
of change of the various species with respect to temperature and pressure
in order to determine the specific heats and the speed of sound. This

is accomplished by writing the chemical reactions (Eq. (2.1)) in general

form as
6 6
1 e = 2.10
Z Vig Bi o Z Vii Bi r 1,2,3 (2 a)
i=1 i=1
or
6
- v, B =0 r=1,2,3 (2.10b)
ri i
i=1
where Vo = v;j - v;i and the sum extends over all six possible components



of the plasma. At equilibrium, one can write the equilibrium constants

of the three chemical reactions as

¢ Vri
k = I p r=1,2,3
P i=1
6
V.. V
I 1 Xi ri p ri r=1,2,3
=1
6
z vri 6 Vri
- p i=1 n Xi r =1,2,3 (2.11)
i=1
th N
where Xi is the mole fraction of the i component Xi =N’ where
6 T
NT =‘lei. The equilibrium constants are determined from statistical
1=

mechanics and are given by

[? Qi vri

K = (=) (2.12)
pTr i=1 Ni

R . .th .
where Qi represents the partition function of the i species and Ni

its number density. In terms of mole fractions Eq. (2.4) becomes
6
.n xi = 1 (2.13)
1=]

and Eq. (2.5) becomes

6
n z X, = 0 (2.14)

where z, is the charge of specie 1i.



The relative conservation of hydrogen and helium type species can be
written in terms of the mass fraction ratio and the molecular weights

from the relation
p £ = m, Nﬁ (2.15a)

or

Elmg Ny + Np) + my (N + Ny + Ny )1 =
m (N + Np). (2.15b)

Therefore,

mH(XH + XP) = f[mH(XH + XP) + mHe(xHe + XHe+ + XHe++)]

(2.16)

To determine the rate of change of the six mole fractions with

respect to temperature and pressure, Egs. (2.11), (2.13), (2.14), and
t):¢

and Eﬁ_lT'

(2.16) were differentiated and solved for Sfilp

Using the relation

6
d 1In K r Z \)riHi
dT i=1 2

= (2.17)
RT

where Hi (the enthalpy of species i) is defined in 1V, one obtalins

the following two sets of equations:

A. At Constant Pressure




6
fé Vri axil D D = r=1,2,3 (2.18)
y aT P = i=l 2 ? b .

=
[l

=

e

i RT
° ax,
2 3 = o0 (2.19)
i=1 3T P
6 B,
IR — =0 (2.20)
1 9T P
1-f "™m 3 d
f o aw &t XP)IP " o7 Fpe T Xper T XHe++)|P =0
e
(2.21)
B. At Constant Temperature
ii Vri aXi fé vri
—_— _ = - —_— r = 1,2,3 (2-22)
=1 x5 ® g i=1 P
6 ). @
> —] =0 (2.23)
i=1 3P T
fi BXi
zZ, — = 0 (2.24)
e IR
1-f My ) 3 _
f my % gt XP)l =57 Fpe ¥ Xger * XHe++)l =0
e T T

(2.25)

10




M

CHAPTER III

PARTITION FUNCTIONS

a) Reduced Ionization Potential

When calculating the equilibrium composition of a pla:.ia at low

ion densities, each electron can be considered to move in the influence

of a single atom or ion; however, as the ion density increases, some

of the bound electrons become free to move to neighboring ions because

the ionic fields lower the potential barrier. Thus, the plasma con-

tains electrons with a degree of freedom which depends upon their

energy and the ion density. 1In order to retain the concept of bound

and free electrons, various models have been developed to predict
the lowering of the ionizational potential due to charged particles
in a plasma. Several of these models are reviewed by Drawin and

Felenbok (14).

Griem's model (15, 16) for lowering of the ionization potential

was used for the present analysis. The reduction of the ionization

potential of a specie of charge z is

(zi + l)e2

°p

where the Debye radius is defined as

_ KT 1/2
DD = s
2 6 2
4m e[ T =z, N.]
-=l 1 1

11

(3.1)

(3.2)



and e is the charge of an electron. The sum in the expression for the
.Debye radius is over all species present.

Equation (3.1) applies for densities and temperatures for which the
Debye theory is valid. Griem (15) and Cooper (17) derive the criterion

for the validity of Debye theory as

6
, Ni > [8m pD] (3.3)
i=1

b) Atomic Hydrogen

The partition function per unit volume for atomic hydrogen is

3/2 n* (H)
2m my, kT _p* 2 (1) €,
L I I N 8o~ SXP |
h 2kT n=1 kT
(3.4)
where géH) is the statistical weight
gH o 9n? (3.5)
n
(H) | th . )
and En is the energy of the n electronic level of hydrogen;

RO 1

I, [1- _5] (3.6)
n

n - H
*
The ionization limit of atomic hydrogen is denoted by IH’ (13.595 ev),
D* is the dissociation energy of molecular hydrogen (4.476 ev), and h
is Planck's constant. Because the number of discrete levels of an
isolated atom has no bound as the energy approaches the ionization

limit, the sum in Eq. (3.4) will diverge. In order not to count a

12
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state twice, once as a bound and once as a free state, the sum is trun-
cated to include only levels whose energy is below the reduced ion-

ization limit:
E(H) < I* — AI (3'7)
n - H H

The reduction in the ionization potential of a hydrogen atom due

to the surrounding plasma from Eq. (3.1) is

e2
AI = —
H Pp (3.8)

The maximum principal quantum number for atomic hydrogen can be
found using Eqs. (3.8) and (3.6). It becomes

I* 1/2
n¥* = H

AIH

(3.9)

c¢) Atomic Helium

The partition function per unit volume for atomic helium (18) is

3/2
21 m, kT S ey -eiHE)
Qe = —*——'—*hz " 8, ©XP | T (3.10)

where Iﬁe is the ionization 1imit of atomic helium (24.580 ev). The
electronic energy table for atomic helium becomes incomplete as the

principal quantum number increases; consequently, the high energy levels

(He)

are assumed to be hydrogenic. The degeneracies, 8,

(He)
n

, and electronic
energy levels, ¢ , which were used in the helium partition functions
are listed in Table 1.

From Eq. (3.1), the reduction in the ionization potential for

atomic helium is

ar. = & (3.11)

The summation in Eq. (3.1Q0) is truncated at the value of n such that

e < Ix - AL_ . (3.12)

13
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10

11

12

13

14

15

16

17

18

19

20

21

22

Table 1.

Electronic Energies and Degeneracies for Atomic Helium

(McGee and Heller (19), Moore (20))

(He)
n

1

3

36
64
100
144
196
256
324
400
484
576
676
784
900
1024

1156

1296
1444
1600
1764

1936

14

eéﬁe)(cm—l)

0
159,850
166,272
169,081
171,129
186,000
191,444
193,915
195,255
196,065
196,590
196,950
197,208
197,398
197,543
197,655
197,745
197,817
197,876

197,925

197,967
197,800
198,031
198,056
198,077

198,305



d) Singly Ionized Helium

The partition function per unit volume for singly ionized helium

is
= 3/2 .
—(I* -
Q - Zm mHe+kT exp (IHe AIHe)
Het h2 KT
n* - (Het)
E g, B exp | —2— (3.13)
kT
n=1 .
where giHe+) is the statistical weight,
(Het) _ 2n2 (3.14)
n
. (Het) | . th
m, ., is the mass, and € is the electronic energy of the n level,
(Het) * _ 2
€, IHe+ (1 1/n%) (3.15)

The ionization limit of singly ionized helium is denoted by Iﬁe’

(54.400 ev). The sum in Eq. (3.13) is truncated so as to include only
energies below the reduced ionization limit. The reduction of the ion-
ization potential is given by Eq. (3.1) as

2
AT . Z2e

He+ pD (3.16)

The ionizational contribution to the partition function is given

~(I* -~ i
by the expl (IHe AIHe)/kT] term in Eq. (3.13).

e) Doubly Ionized Helium, Protons, and Electrons

The partition functions per unit volume of doubly ionized helium,

protons and electrons are as follows:

21 m, KT 3/2 ~(I* - AL )
_ e+t He H
QHe++ - [ 2 ] exp = ]

h kT
[l(1§e+¢ AIHe+) (3.17)
exp l_
kT

15



3/2 _(T* — _D*
27 m kT (IH AIH) D

Q = exp |—— | exp
P h2 kT 2kT
(3.18)
21 m_ KT 3/2
o, = 2 |—— (3.19)
h

Note that the partition function for doubly ionized helium contains
terms representing the ionization energy from both the first and second
ionization process, while the proton partition function contains a term
representing the ionization energy of hydrogen. Also, the proton
partition function contains terms representing one-half the dissociation
energy of molecular hydrogen. During the molecular hydrogen dissociation
process, half of the dissociation energy is assumed to stay with each
hydrogen atom, and in the succeeding ionization the dissociation energy

is assumed to remain with the proton.

16



CHAPTER 1V

THERMODYNAMIC PROPERTIES

The expressions that have been used to calculate the thermodynamic

variables are derived in this section of the report, and the listings in the

tables are explained.

The heats of formation are not included in the present

calculations; however, they are additive and could easily be incorporated

into the results.

a) Energy (E)

The energy, in units of ergs/gm, is defined in terms of the partition

functions as

N

i 3Q,
Q

1
i=] i

where the sum is over each of the individual

The average molecular weight per mole of the

aT

species present in the plasma.

ionized gas and of the

unionized gas are defined as M and Mo respectively, where

6
M.N,
M = :2 : ii
NT
i=1
and
Mo = f MH + (1 - f)MHe'

Using the definition of M, one can show that

M NT

p=—
N

where Ny is Avogadro's number. This enables

6
N, Q, oT
T i=1 i

one to write the energy as

where R is defined as Ru/M and Ru is the universal gas constant.

17
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Further, noting that the fraction Ni/NT gives the mole fraction of

species i, one can write the energy as

NS ST
E = RT a— 3T (4.5)
i
i=1
In the tables the energy is tabulated in nondimensional form as E/(ROTO)
where T, is taken as 273.16°K and R, is defined as Ru/Mo'
b) Enthalpy (H)
The enthalpy is defined in terms of the energy as
H=E+ P/p (4.6)
where the pressure, P, is defined as
P=%kTN, + AP 4.7)

T

The expression for AP, the Debye theory pressure correction term, is

given by (11, 21)

LA Bor
i=1

The enthalpy is tabulated in the tables in nondimensional form as H/(ROTO).
The pressure, P, as well as the absolute value of AP, is tabulated in the

tables in units of atmospheres.

c) Entropy (S)

The Helmholtz free energy is defined in terms of the partition function

as

6
F = kT 2: Ni(ln (Qi/Ni) + 1) (4.9)
i=1
The entropy in units of ergs/(gm°K) is defined in terms of the Helmholtz free

energy as

Q

F

T

s 1
P V,N,
1

(4.10) .

18



where V is the volume. Thus, the entropy becomes

& Q; 3Q,
$=R Z{xi[l + I + :é-— T

The entropy is tabulated in the tables in nondimensional form as S/RO»

d) The Specific Heats (Cp, CV)

To calculate the specific heats, it is necessary to know in addition to
the plasma composition, the rate of change of the mole fraction, Xi’ with
respect to the pressure and temperature. These calculations for the current
analysis were carried out as given by Eqs. (2.18) to (2.25).

used to calculate Cp and Cv follow from those given by Lick and Emmons (12)

u 6 6
Cp=3_TP= 2% Cp t H; 37
i=1 i=1
6 X,
" i
-% 2 MiaTle
i=1
where
8Q
2 1 i p
= ————~+_..
By =R Q0 3T o
i
and
9Q. aQ,
- 1 i 29 l__l}
Cpi—ZRTQ‘ 57—+ RT BT{Q. 57+ R
i i
The expression for Cv becomes
6 X 2
T i
[1_MZM18T P]
C =¢C R =1
v p - P BXi
Ity X M5E
i=1

The specific heats are tabulated in nondimensional form as CP/RO,

C_/R_ in the tables.
v' "o

19
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e) The Equilibrium Speed of Sound, A

The equilibrium or isentropic speed of sound is defined as

2 _ 9P 9P
A= =y .
aplg YBptl: (4.16)

where y = Cp/CV' One can write (12), after some algebra, that

=i

1/2 6 3%, Y1/2
2_0 =J$1Tl; {1 + Z M, ﬁl—IT} (4.17)

o o =1
where AO is the speed of sound and Yo (=1.667) the ratio of specific

heats at P = 1 atm and T = 273°K.

A2 = RT = XE_EE_EQ__ (4.18)
[ Yoro o Mo )

The compressibility factor which is denoted by Z, relates the number
of species per mole of plasma to the number of species per mole in the

unionized gas. It is most easily calculated from the relation

M
o _R (4.19)
M R
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For a pure hydrogen plasma, A0 = 194,484 cm/sec; whereas, for a pure

helium plasma Ao = 97,242 cm/sec (see Table 2).

Table 2. Ao Versus Plasma Mass Fraction Ratio

£ A (cm/sec)
0 97,240
0.143 102,800
0.333 112,300
0.600 131,100
1.000 194,484

f) Discussion of Results

Figures 1 and 2 show the specific heat at constant pressure as a
function of temperature for the various plasmas considered at three
different densities. For the pure helium case, the curve of Cp/Ro
versus T has two peaks, one at about 15,000°K and one at about
30,000°K. The peaks represent the influence of the first and second
helium ionization, respectively. As hydrogen is added to the plasma,
a third peak occurs near 10,000°K due to the ionization of hydrogen.
Aé more hydrogen is added, this first peak grows relative to the
second and third peaks. 1In the limit of a pure hydrogen plasma, the
first peak is the only one that exists.

At low plasma densities, the peaks are sharp and the maximum
values large. As the plasma density increases, the regions of
ionization become dispersed over larger temperature intervals so

that the peaks become less sharp and the maximum values smaller.
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Also, as the density increases, the position of the regions of ion-
ization move to higher temperatures.

Figure 3 shows the relative value of Cp and Cv as a function
of ‘temperature for a plasma with f = 0.333. Cp and Cv have similar
shapes and no relative phase. This figure is typical of all the Cp
and CV data.

Figures 4 and 5 show the ratio A/A0 versus temperature as a
function of the plasma density. These figures show the same general
trends as the previous ones in that as the plasma density increases,
the curves become smoother due to the dispersal of the various ion-
ization processes over larger temperature intervals.

Even though the ratio A/AO for a pure hydrogen plasma is less
than that for a pure helium plasma, the speed of sound is not. 1In
looking at Figures 4 and 5, one must remember that AO is different
for each mass fraction. Values of Ao for the given mass fractions
are shown in Table 2.

Thus, one can easily show that the speed of sound is a minimum
in the pure helium plasma and increases as hydrogen is added reaching
a maximum for the pure hydrogen plasma.

Figures 6 and 7 show H/RoToversus the mass fraction ratio for
several temperatures. Figure 6 is for a density of lo-dignd figure
7 for 10_6 gm/cmB. At low temperatures the enthalpy increases as
the plasma mass fraction of hydrogen increases, because hydrogen
is more easily ionized than helium.

At high temperatures the enthalpy decreases as hydrogen is added

to the plasma at constant temperatures because the hydrogen is fully

ionized and its enthalpy is less than the still partially ionized helium.
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g) Tables

To convert the nondimensional thermodynamic properties to dimen-
sional quantities requires that one use the universal gas constant
with the desired units. Several values of the universal gas constant,

Ru, are listed below:

R = 8.31436 x 10° __erg
u mole °K
R = 1.98646 cal

u mole °K
R = 82.0567 atm cm3
u mole °K
R = 1545.41 ft-1b

u f

mole °R

The tables that follow list the various thermodynamic properties
of an atomic hydrogen-helium plasma from 10,000° to 100,000°K as a
function of density and the atomic hydrogen mass fraction.

Table 3 contains the number density (cm_B) of each of the species
as well as the total number density as a function of temperature.

Table 4 contains the electronic partition functions of atomic
hydrogen, atomic helium, and singly ionized helium, the Debye radius
(cm), the reduction of the ioniéational potential of the atomic species
(ev), the average gram molecular weight (gm/mole), the compressibility,
and the number of electronic states that exist for atomic hydrogen,
atomic helium, and singly ionized helium, respectively.

Table 5 contains the: total pressure (atmospheres), the absolute
value of the Debye theory pressure correction term (atmospheres), and

the nondimensional energy, enthalpy, entropy, specific heat at constant

30



volume, specific heat at constant pressure, and the ratio of the isen-

tropic speed of sound to its standard value.
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APPENDIX A

SOLUTION OF THE EQUATIONS DEFINING THE PLASMA COMPOSITION

As defined in 1II, the equations defining the composition of the
hydrogen-helium plasma reduce to three cases according to the mass
fraction ratio.

a) Pure Hydrogen Plasma (f = 1.0)

For this case 8 = 0 and one must consider the equations

i
<

Pe =a Nﬁ kT (a.1)

a P = (1 - a) A9 (T,p) (A.2)

Since p is given, Nﬁ is known, and Pe can be eliminated from

Eqs. (A.1) and (A.2) giving

Ag(T,p) AKT N 1/2
* TN =+ A9(T,p)) ! -3

b) Pure Helium Plasma (f = 0.0)

For this case a = 0; therefore, one must consider the following

equations

P, = B(1L + y) kT (A.4)
B(L-y) P =(1-8) A7(T,p) (A.5)
Yy P, = (1 - v) Ag (T,p) (A.6)

An exact solution of these equations leads to a fourth-degree equation;

consequently, an iterative solution following the method of Hunger and
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VanBlerkom (18) is obtained. The solution begins by assuming that
the initial electron pressure is due only to electrons from singly
ionized helium ( vy = 0). Thus, Eqs. (A.4) and (A.5) can be solved
in a manner analogous to the pure hydrogen case to give the initial
approximation to 8.

A_(T,p) 4KkT N
g0 - 7~ 1+ ——Hey | . (A.7)

]
2KkT N A7(T,p)

The corrected value of y is obtained from Eq. (A.6) as

A (T,p).
Y(0) _ 8 (A.8)

Pe(0)+ Ag(T,p)

Next, the corrected values of Pe’ Y , and B are obtained in the fol~

lowing order:

(1) (i-1) (i-1) )
P =B (L +v ) Nj_ kT (A.9a)
A (T,p)
ME (1)8 (A.9b)
Pe + A8(T,p)
, A_(T,p)
g(1) - / (A.9¢)

(1 - Y(i))Pe(i)+ A7(T,o)

Now the corrected values of Pe’ Y , and B are obtained, and the
iteration continues until successive values of Pe are the same to five
places. This method usually requires from three to six iterations;
however, the iterations are extremely fast. The convergence of ¥y
and B is faster than Pe, so that once Pe is found, the current value

of vy and B are taken to be correct.
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c) Arbitrary Hydrogen-Helium Plasma (0 < £ < 1)

For this case, Egs. (2.6). to (2.9) must be solved. An iterative
solution similar to that of the pure helium plasma is employed. The
solution begins by assuming that the electron pressure is due only to
electrons from hydrogen and singly ionized helium (y = 0). This un-

() and B(o) can be obtained

couples the equations, and solutions for o
as in Eqs. (A.3) and (A.7). Next, the corrected value of y is obtained

as given by Eq. (A.8). The corrected electron pressure is now

e He

The correct values of y, B, and o become

. A (T,p)
(i) _ (1)8 (A.11a)
Pe + A8(T,p)
. A_(T,p)
g(D) - 7(1) D (A.11b)
(1 - v Pe +A7(T,p)
, A, (T,p)
o (i)g ) (A.11c)
Pe + Ag(T,p)

The iteration process is carried out until successive values of P
are the same to five places. This usually requires from four to 10
iterations and is extremely fast. The convergence of « , B , and y is
much faster than Pe’ so that once Pe is found, the current values of o ,

B , and Yy are taken to be correct.
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APPENDIX B

COMPUTER PROGRAM

The following pages list the Fortran-IV program which was
developed to calculate the quantities listed in this report. The
program consists of a main program and six subroutines.

Subroutine SOLVE solves the Saha equations for the plasma
composition given the temperature (TEMP) and, if iterations are
necessary, the accuracy (EPS).

Subroutine ENERGY calculates the nondimensional enthalpy
(ENTHAL) , entropy (ENTROP) and gram molecular weight (AVEM).

Subroutine DERIV calculates the rate of change of the mole
fraction (X(i)) of each of the species in the plasma with respect
to temperature and pressure.

Subroutineé PARTHD, ZHE1D, and ZHE2D calculate the electronic
partition functions of atomic hydrogen, atomic helium, and singly
ionized helium, respectively. They are also used to calculate the
Lth derivative of ;he elecgfoné% partition functions with respect
to temperature, (6;613L 5;31—— .

Subroutine SIMQ, which is called from DERIV, is a standard calcu-
lational subroutine available in most Fortran-IV subroutine libraries.

The input data for the main program is as follows:

ISW < 0 Writes intermediate steps in subroutine SOLVEL.

> 0 Does not write intermediate steps in subroutine SOLVEIL.

3
RHO Plasma density, gm/cm.
TEMP Initial temperature, °K.
F Mass fraction of atomic hydrogen.
37



DTEMP Change in temperature between steps, °K.
TEMPM Final temperature, °K.

EPS Iteration accuracy in subroutine SOLVE.

The program runs quite fast. It took approximately 15 minutes to
calculate all of the data tabulated in this report on the IBM 360 Model

50.
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